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1. Introduction
It would be hung in the attics, she thought; it
would be destroyed. But what did that
matter? she asked herself, taking up her brush
again.

—Virginia Woolf, To the Lighthouse

Associated to any based topological space (X , x) is its fundamental group π1(X , x). In the seminal
1895 paper Analysis Situs [Poi95], Henri Poincaré introduced the fundamental group alongside other
important concepts such as homology and cobordism, essentially founding themodern study of alge-
braic topology. This thesis is broadly concernedwith the relationship between the fundamental group
and homology: the former contains information that the latter cannot see. One can ask whether it is
possible to learn about the fundamental group given information about homology.

While the integral homology groups are always abelian, the fundamental group is often not. So
let us instead examine the integral group ring Zπ1(X , x). This is unfortunately an unwieldy object: if
π1(X , x) is infinite, which is often the case, then Zπ1(X , x) is of infinite rank. To turn it into some-
thing feasible to study, let us consider the quotients of Zπ1(X , x) by the nth powers of its augmen-
tation ideal I . A result of Stallings (Theorem 5.1 here, Theorem 5.4 in [Sta75]) relates this truncated
fundamental group ring to the E∞-page of a certain spectral sequence associated to the cobar con-
struction on the singular chains of X. The cobar construction is a functor sending differential graded
(dg) conilpotent coalgebras to dg algebras. While it can be defined purely algebraically, it has a nice
topological interpretation when performed on the singular chains of a topological space. It is through
this that we will relate Zπ1(X , x)/In to the homology of X.

1.1. Main theorem. Let X be a path-connected topological space and choose basepoints a, b ∈ X. Let
πX(a, b) be the set of homotopy classes of paths in X from a to b. In particular when a = b we obtain
the fundamental group of X. Notice that π1(X , a) acts on πX(a, b) by path concatenation, making
the free abelian group ZπX(a, b) into a right Zπ1(X , a)-module. Consider the following subspace:

X(n)ab = {(x1 , . . . , xn) ∈ Xn ∣ x1 = a or xn = b or x i = x i+1 for some i} ⊂ Xn .

Our main theorem is the following.

Theorem 1.1. There is a surjective group homomorphism

ZπX(a, b)/ZπX(a, b)In+1a → Hn(Xn , X(n)ab ;Z)

whose kernel is isomorphic to Z if a = b and zero otherwise.

A dual cohomological version of this result with field coefficients is proved by Deligne and Gon-
charov in [DG05], Proposition 3.4, where they attribute it to Beilinson. A version for X a realmanifold
and de Rham cohomology is developed by Chen in [Che73]. The version stated here comes from a
paper of Looijenga [Loo25], Theorem 1.1, where the proof is quite concise and elegant, but (perhaps
to a student) somewhat opaque. Returning to the paper of Deligne and Goncharov, in the discussion
following the statement and proof of this result, the authors suggest another possible proof in terms
of cosimplicial spaces. We find this avenue more enlightening. In particular, it offers an explanation
for why the subspace X(n)ab appears.

The goal of this thesis will be to develop the necessary background to pursue this alternate proof,
while hopefully clearly explicating the details of each step. Of course, the authors listed above are
interested in this theorem for deeper reasons beyond just its statement and proof. We do not claim
to understand why, but give a few remarks on this matter at the very end.
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1.2. Organization. In §2 we give a crash course on the theory of coalgebras. In §3 we develop the
basic theory of (co)simplicial objects, in particular cosimplicial topological spaces. We also collect
some helpful technical lemmas about (co)simplicial objects. The reader should feel free to skip these
first two sections if they are familiar with the theory. Both coalgebras and (co)simplicial objects are
crucial in the following §4, where we introduce the cobar construction and Adams’ theorem, and de-
fine a generalized two-sided version of the cobar construction. In §5 we generalize Stallings’ theorem
to this two-sided version, and finally use all these ingredients to prove our main theorem in §6.

I have tried to make the thesis readable to anyone who has had slightly more than a course or two
in algebraic topology, and working knowledge of (homological) algebra. Here are some prerequisites:

● Algebraic topology at the level of the first two chapters of Hatcher’s book [Hat00].
● Homological algebra, in particular the spectral sequences associated to a bicomplex. They
unfortunately play a key computational role throughout the thesis. The proof of the main
theorem comes from the close examination of one particular spectral sequence. We have
included proofs of some auxillary results about these spectral sequences, but the reader could
possibly regard them as a black box.
● Basic notions in category theory: functors, natural transformations, adjunctions, (co)limits.
● Some prior exposure to simplicial sets, e.g. the singular-geometric realization adjunction.
This will be very helpful for intuition with cosimplicial objects even though we technically
develop the theory of cosimplicial objects from scratch. Simplicial sets will also feature heav-
ily in §5, though we really only care when the simplicial set in question is Sing(X) for a topo-
logical space X.

A few last words on convention. (1) Often we are working with a bicomplex E with a totalization
Tot E. We will often denote the homology of the totalization by just H●E rather than H● Tot E. (2)
The letter R is reserved for commutative unital rings. Other rings appearingmay not be commutative
nor unital. (3) Normalized or singular chains of a topological space will have coefficients inZ. (4) If Y
is a simplicial set then ∣Y ∣ denotes its geometric realization. (5) “Space” means topological space. (6)
All spectral sequences will be second quadrant, and depending on the filtration, the rth differential
will have bidegree (r, 1 − r) or (1 − r, r).

2. Coalgebra crash course
As the name suggests, a coalgebra is the dual notion to that of an algebra. We could leave it at that,
but they are much more unfamiliar objects; the fact that coalgebraic multiplication has its direction
reversed can be somewhat mystifying on first sight. Moreover, the two objects are not dual on the
nose: while the dual of every coalgebra is an algebra, the converse is not true without some finiteness
assumptions. We will not attempt to give detailed proofs in this section, for there is much exposition
of this material in the literature. We have primarily drawn from the first chapter of [LV12].

Definition 2.1. A coassociative R-coalgebra is an R-module C with an R-linear map ∆ ∶ C → C⊗C,
called the coproduct, such that the following diagram commutes:

C C⊗C

C⊗C C⊗C⊗C

∆

∆ id⊗ ∆

∆⊗ id

One way to think about the coproduct is that it tells one how to decompose a given element in the
module. Consider the following example:
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Example 2.2 ([JR79], §2). Let C = R[x], the ring of polynomials over R. Define a coproduct on a
basis element xn via

∆(xn) =
n
∑
k=0
(n
k
)xk ⊗ xn−k .

This looks awfully similar to the binomial formula. Indeed, this coproduct tells us all the ways one
can decompose a set of size n into two subsets.

The author learned of this example from this MathOverflow comment of Qiaochu Yuan [Yua].
Though it is combinatorial in nature, the way of thinking about coproducts as some sort of decom-
position operator will come up again, when we discuss how the subdivision of topological simplices
induces a coproduct on singular chains.

Given an associative algebra A, it is intuitive how to compose the product to obtain a map A⊗ n →
A. With a coassociative coalgebra (C , ∆) there is an analogous notion. Define the iterated coproduct
∆n ∶ C → C⊗ n+1 inductively with ∆0 = id, ∆1 = ∆, and

∆n = ∆⊗ id⊗⋯⊗ id
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n operations

○∆n−1 .

Coassociativity says that we could have inserted the coproduct anywhere within the above tensor
product of operations. A morphism of coassociative coalgebras f ∶ C → D is an R-linear map com-
muting with the coproduct, i.e.

( f ⊗ f ) ○ ∆C = ∆D ○ f .
Just as a unital associative R-algebra A is one admitting a unital morphism R → A, we say dually that
a coassociative R-coalgebra C is counital if there is a morphism є ∶ C → R such that the following
diagram commutes:

C

R⊗C C⊗C C⊗R

≅
∆

≅

є⊗ id id⊗ є

.

The simplest example of a counital coassociative R-coalgebra is R itself, with the coproduct given by
1 ↦ 1⊗ 1 and the counit given by 1 ↦ 1. We call a morphism η ∶ R → C a coaugmentation, and if
it exists, say that C is coaugmented. Because η is a morphism of coalgebras, it must commute with
the counit maps, so we obtain that єC ○ ηC = єR = idR . It then follows that C ≅ ker є ⊕ R, and we
denote this kernel by C and call it the reduced coalgebra. We can think of C as either a submodule or
a quotient of C. The reduced coalgebra also has a reduced coproduct ∆ given by

∆(x) = ∆(x) − 1⊗ x − x⊗ 1.
2.1. Conilpotency, cofreeness, and the tensor coalgebra. Let (C , ∆) be a coaugmented coalgebra.
Define the coradical (sometimes also called canonical) filtration on C by:

F0C = R, FrC = R ⊕ {x ∈ C ∶ ∆
n(x) = 0 for n ≥ r} for r ≥ 1.

Then we say C is conilpotent if this filtration is exhaustive. Conilpotency is fundamentally a finiteness
condition; if we are continuingwith the coproduct-as-decomposition analogy, it says that any element
can only be decomposed finitely many times. It will turn out quite important in all which follows.

Definition 2.3. The cofree coassociative R-coalgebra over an R-module M is a conilpotent coasso-
ciative coalgebra F cM equipped with an R-linear map s ∶ F cM → M sending 1 to 0 and satisfying
the following universal property:

Let B be a conilpotent coalgebra. Then any R-linear map f ∶ B → M factors through
F cM, i.e. there exists a unique coalgebra morphism f̃ ∶ B → F cM such that s ○ f̃ = f .
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As with other objects defined via universal properties, the cofree coalgebra is unique up to unique
isomorphism. In categorical language, this functor

F c ∶ModR → conilCoalgR

is right adjoint to the forgetful functor sending a conilpotent coalgebra to its underlying module. The
reason we restrict ourselves to conilpotent coalgebras here is that the cofree objects are quite familiar,
as we will soon see. In the general category of coalgebras they are large and unwieldy.

Definition 2.4. LetM be an R-module. The tensor coalgebra over M, denoted T cM, is the coalgebra
whose underlying module is

T cM ∶= R ⊕M ⊕M⊗ 2 ⊕⋯
and whose coproduct T cM → T cM⊗T cM is given by

1↦ 1⊗ 1 and x1 ⊗⋯⊗ xn ↦
n
∑
i=0
(x1 ⊗⋯⊗ x i)⊗(x i+1 ⊗⋯⊗ xn)

where the ith summand lives inM⊗ i ⊗M⊗ n−i ⊂ T cM⊗T cM.

For example, x ∈ M gets mapped to 1⊗ x + x⊗ 1. We leave it to the reader to check that T cM is
coassociative, counital, and conilpotent, with the hint that the counit is the map T cM → R which is
the identity on R and zero on higher summands.

Remark 2.5. For an R-moduleM, the same tensor module R ⊕M ⊕M⊗ 2 ⊕⋯ also has a dg algebra
structure given by tensor multiplication. We will often just denote T cM by TM. With this product it
becomes the free associative R-algebra over M. In fact, the product and coproducts are compatible,
bestowing TM with even more structure (that of a Hopf algebra).

Proposition 2.6. T cM is the cofree conilpotent coalgebra over M.

Proof. It is easy to prove the universal property, see Proposition 1.2.7, [LV12]. □

2.2. Differential graded coalgebras. In nature, coalgebras can often carry extra structure, just as
rings or modules come with gradings.

Definition 2.7. A differential graded (abbreviated dg) coalgebra is a coalgebra (C , ∆) with
(1) a grading, i.e. a decomposition C = ⊕n∈NCn such that ∆(Cn) ⊂ ⊕i+ j=nC i ⊗C j , and
(2) a differential d sending C i to C i−1, satisfying the dual identity

∆ ○ d = (d⊗ id+ id⊗ d) ○ ∆.
This last identity is the Leibniz rule; coalgebra endomorphisms satisfying it are called coderivations.

So all differentials are coderivations. One can check that these definitions imply that the coproduct
is a morphism of chain complexes. So we can think of a dg coalgebra as either (1) a chain complex
with a compatible coproduct, or (2) coalgebra with compatible differential. Given a dg R-coalgebra
C = ⊕n∈NCn , we define its suspension sC to be C shifted up a degree, i.e. (sC)i = C i−1, and its
desuspension s−1C to be C shifted down a degree, i.e. (s−1C) j = C j+1. Then any x ∈ Cn determines
an element sx ∈ (sC)n+1 and s−1x ∈ (s−1C)n−1. Defining these turns out to be helpful for degree
bookkeeping reasons.

The following lemma will help simplify many verifications. It tells us that to understand deriva-
tions of a free algebra, or coderivations of a cofree coalgebra, it suffices to understand them on one
component.

Lemma 2.8. Let M be an R-module. Any linear map M → TM extends uniquely to a derivation
TM → TM. Dually, any coderivation T cM → T cM is uniquely determined by its composition with the
projection T cM → M.
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Proof. These follow from the more general Proposition 1.1.8 and 1.2.9 in [LV12]. □

The cardinal example of a coalgebra in this thesis is the following:

Example 2.9. Consider the singular chains C●(X;Z) on a topological space X with basepoint x.
They form a coaugmented dg Z-coalgebra. For the coproduct, notice that we always have a diagonal
map x ↦ (x , x), which induces a chain map C●(X) → C●(X × X). Now there is a natural quasi-
isomorphismC●(X×X) → C●(X)⊗C●(X), given by the decomposition of the topological simplices.
Finally, C●(X) is counital with the map є ∶ C●(X) → Z given by sending all 0-simplices to 1 and has a
coaugmentation η ∶ Z→ C●(X)which sends 1 to the 0-simplex at x. In Section §3, we give an explicit
definition of this coproduct (called the Alexander–Whitneymap).

2.3. Comodules. Continuing with our previous example of singular chains on a space X, the situa-
tion changes if wewant to talk about two distinct basepoints a, b ∈ X. In this case there is no preferred
choice of coaugmentation for the coalgebraC●(X). To address this we need the notion of a comodule.

Definition 2.10. A left comodule over a unital R-coalgebra (C , ∆, є) is an R-module N with a left
action

∆L ∶ N → C⊗N

compatible with the coproduct and counit in the sense that the following diagrams commute:

N C⊗N N

C⊗N C⊗C⊗N C⊗N R⊗N

∆L

∆L id⊗ ∆L ∆L
≅

∆⊗ id є⊗ id

Wecan similarly define a right comodule overC as an R-moduleM with the analogous right action

∆R ∶ M → M⊗C .

If a left and right comoduleM also satisfies the following compatibility condition:

M C⊗M

M⊗C C⊗M⊗C

∆L

∆R id⊗ ∆R

∆L ⊗ id

then we callM a co-bimodule.
The simplest example of a co-bimodule over a coalgebra C is C itself, where the left and right

actions are just given by the coproduct. Returning to the example of singular chains, let C = C●(X)
and let a be a basepoint. Then C●({a}) is a bi-comodule over C●(X) via the left and right coactions

C●({a})
∆Ð→ C●({a})⊗C●({a})

ιa ⊗ idÐÐÐ→ C●(X)⊗C●({a})

C●({a})
∆Ð→ C●({a})⊗C●({a})

id⊗ ιaÐÐÐ→ C●({a})⊗C●(X).

If a ≠ b, we can take one of C●({a}) and C●({b}) to be a left comodule and the other to be a
right comodule over C●(X). The usefulness of these definitions will hopefully be clear as this thesis
progresses.



6

3. (Co)simplicial methods

A cosimplicial object of a category C could be
defined simply as a simplicial object of the
opposite category Cop. This is not really how
the human brain works...

[Sta26, Tag 016I]

Here we define cosimplicial objects, the totalization of a cosimplicial space, and provide some exam-
ples. We will state the Dold–Kan correspondence and its dual version, and use it to prove a useful
lemma for upcoming spectral sequence computations. Finally we conclude with an exposition of the
Alexander–Whitney map and its inverse.

Recall that the simplex category, denoted ∆, is the category consisting of:
(1) objects: finite nonempty totally ordered sets. We write [n] for the set {0 < 1 < ⋯ < n}, and
(2) morphisms: order-preserving maps, i.e. if i ≤ j then f (i) ≤ f ( j).

Definition 3.1. A cosimplicial object in a category C is a functor X● ∶ ∆ → C. We denote the image
of [n] under X● by Xn . A morphism of simplicial objects X● → Y● is a natural transformation of
functors, i.e. morphisms Xn → Y n for all n that commute with morphisms in ∆.

Wewill denote the category of cosimplicial objects in C by csC. In this thesis wewill primarily concern
ourselves with the cases where C is the category of topological spaces, sets, or chain complexes.

Remark 3.2. Even though simplicial objects are contravariant functors, the convention is to denote
the simplices using subscripts, e.g. Xn . Conversely, even though cosimplicial objects are covariant
functors, the convention is to denote the cosimplices with superscripts. Maybe the presence of the
suffix co- explains this.

Recall that the morphisms in the simplex category are generated by two distinguished classes of
maps. For n ≥ 1 and j ∈ [n], there are injections δ j ∶ [n − 1] → [n] where δ j skips j ∈ [n]. For n ≥ 0
and j ∈ [n], there are n+ 1 surjections σ j ∶ [n+ 1] → [n]where σ j sends both j and j+ 1 to j ∈ [n]. For
a cosimplicial object X● ∶ ∆ → C, we call the images of the δ j coface maps, usually denoted d j , and
the images of the σ j codegeneracy maps, usually denoted s j . So to specify a cosimplicial object in C it
also suffices to list a sequence of objects Xn ∈ C for n ≥ 0, as well as coface and codegeneracy maps
satisfying the following cosimplicial identities:
(1) If i < j, then d j ○ d i = d i ○ d j−1.
(2) If i < j, then s j ○ d i = d i ○ s j−1.
(3) id = s j ○ d j = s j ○ d j+1.
(4) If i > j + 1, then s j ○ d i = d i−1 ○ s j .
(5) If i ≤ j, then s j ○ s i = s i ○ s j+1.
One should think of a cosimplicial object X● ∶ ∆ → C as a diagram

X0 X 1 X2 ⋯

where the rightward pointing arrows are the coface maps and the leftward pointing arrows are the
codegeneracy maps. A useful heuristic is that the coface maps “duplicate a coordinate” and the code-
generacy maps “forget a coordinate.” We will see this in the following examples.

Example 3.3 (Topological simplices). Define the cosimplicial space ∆● ∶ ∆ → Top which sends [n]
to the topological n-simplex:

∆n ∶= {(x1 , ..., xn) ∈ Rn ∶ 0 ≤ x1 ≤ ⋯ ≤ xn ≤ 1}.

https://stacks.math.columbia.edu/tag/016I
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Then the coface maps ∆n−1 → ∆n are the inclusions of faces, where d j is the inclusion of the face
opposite the jth vertex. The codegeneracy map s j collapses the line joining the jth and ( j + 1)th
vertex. In coordinates, we have

d j(x1 , ..., xn) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(0, x1 , ..., xn−1) j = 0
(x1 , ..., x j , x j , ..., xn−1) j ∈ {1, ..., n − 1}
(x1 , ..., xn−1 , 1) j = n

and
s j(x1 , ..., xn) = (x1 , ..., x̂ j , ..., xn)

where the ̂ indicates omission.

Example 3.4 (Path spaces). Let X be a topological space with basepoints a, b ∈ X. Define the cosim-
plicial space P●a ,bX whose cosimplices are

P0
a ,bX = {∗}, Pna ,bX = Xn for n ≥ 1.

The coface maps d j ∶ Pn−1a ,b X → Pna ,b are given by

d j(x1 , ..., xn−1) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(a, x1 , ..., xn−1) j = 0
(x1 , ..., x j , x j , ..., xn−1) j ∈ {1, ..., n − 1}
(x1 , ..., xn−1 , b) j = n

and the codegeneracy maps s j ∶ Pn+1a ,b X → Pna ,bX are given by

s j(x1 , ..., xn+1) = (x1 , ..., x̂ j+1 , ...xn+1), j ∈ {0, ..., n}.

We leave it to the reader to verify that themaps in both examples satisfy the cosimplicial identities.
Why we refer to this example by path spaces will become evident in the following section.

3.1. Totalization of cosimplicial spaces. Cosimplicial spaces provide a useful model for many types
of topological spaces, including the based path and loop spaces. This is done via a notion dual to the
geometric realization of a simplicial set.

Definition 3.5. Given a cosimplicial space X● ∶ ∆ → Top, define the totalization of X● to be the space
of maps from the cosimplicial simplices to X●:

Tot(X●) ∶= HomcsTop(∆● , X●),
i.e. maps f n ∶ ∆n → Xn for all n ≥ 0 that commute with the coface and codegeneracy maps. We
topologize it as a subspace of∏n≥0Hom(∆n , Xn) with the compact-open topology.

So totalization gives us a functor from csTop to Top. One may ask why we need the data of a
cosimplicial space rather than just a cosimplicial set, as is with the case of geometric realization of a
simplicial set. It is a simple exercise to show that the totalization of a cosimplicial set (regarded as a
cosimplicial discrete space) is a discrete space, which is quite uninteresting. In the next subsection
we highlight some more asymmetry between simplicial and cosimplicial objects.

Let us compute the totalization of the cosimplicial space in Example 3.4. On first glance, what
seems to be happening is that by iterating the face maps, we are creating finer and finer piecewise
paths whose endpoints are contiguous. Indeed, after totalizing, we obtain the path space:

Proposition 3.6. Tot(P●a ,bX) is homeomorphic to the path space Ωa ,bX of paths in X beginning at a
and ending at b.
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Proof. A point of Tot(P●a ,bX) = homcsTop(∆● , P●a ,bX) is a sequence of continuous maps

f = { f i ∶ ∆i → X i}i≥0
commuting with the coface and codegeneracy maps. Fix n ≥ 2 and k ∈ {1, ..., n}. Consider the
following composition of codegeneracy maps

αn ,k ∶= s0 ○ ⋯ ○ sk−2 ○ sk ○ ⋯ ○ sn−1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
n − 1 maps

where we compose all the degeneracies except for sk−1. This gives us a map ∆n → ∆1 and likewise for
Xn → X 1. Then for f = { f0 , f1 , ...} ∈ Tot(P●a ,bX), so by commutativity we obtain

f1 ○ αn ,k = αn+1,k ○ fn .
But now the right hand side is just picking out the kth coordinate of fn . Hence for n ≥ 2, fn is
completely determined by f1, so that the projectionΦ ∶ Tot(P●a ,bX) →Map(∆1 , X) given by { f i}i≥0 ↦
f1 is injective.

We claim next that Φ is actually a map into Ωa ,bX ⊂Map(∆1 , X). The cosimplicial relations imply
f1 ○ d0 = d0 ○ f0 = consta , f1 ○ d 1 = d 1 ○ f0 = constb

so f1(0) = a and f1(1) = b as desired.
Lastly we define an inverse to Φ ∶ Tot(P●a ,bX) → Ωa ,bX. For a given path γ ∈ Ωa ,bX consider the

family of maps { f i ∶ ∆i → X i}i≥0 given as follows. We let f 0 be the constant map, f 1 = γ, and for
n ≥ 2 define

fn(x1 , ..., xn) = (γ(x1), γ(xn)).
One can check that this is an inverse to Φ. We leave it to the reader to check that the family of
maps { f i} commutes with the coface and codegeneracies, and that Φ and its inverse are continuous
maps. □

We will call P●a ,bX a cosimplicial model for the path space of X. When a = b we get a cosimplicial
model for the based loop space of X. It turns out that the cosimplicial space P●x ,xX underlies the cobar
construction of C●(X) (though we have not defined it yet).

3.2. Dold–Kan correspondence. Recall that the standardDold–Kan correspondence gives an equiv-
alence of categories between simplicial abelian groups and (non-negative) chain complexes of abelian
groups. We’ll restate some important results and their duals. Most of thismaterial comes from [GJ09],
Chapter III.2.

Definition 3.7. Let A be a simplicial abelian group. Its normalized chain complex (NA● , ∂) is given
by

NAn =
n
⋂
i=1

ker(d i ∶ An → An−1), ∂ = d0 ∶ NAn → NAn−1

and itsMoore complex (MA● , ∂′) is given by

MAn = An , ∂′ =
n
∑
i=0
(−1)id i ∶ An → An−1 .

Theorem 3.8 (Dold–Kan correspondence). Let A be a simplicial abelian group. Then:
(1) The functor N ∶ sAb→ Ch+(Ab) is an equivalence of categories between simplicial abelian groups

and non-negative chain complexes of abelian groups.
(2) The inclusion of chain complexes NA↪ MA is a chain homotopy equivalence, natural in A.
(3) There is a functorial direct sum decomposition MA = NA ⊕ DA, where DA is the subcomplex

generated by the images of all the degeneracy maps. Consequently, DA is acyclic.
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Now we dualize. Recall that for simplicial objects, the face maps d i lower degree. For cosimplicial
objects, the face maps d i raise degree, so we should get an equivalence between cosimplicial abelian
groups and cochain complexes of abelian groups, which is exactly what happens.

Definition 3.9. Let C● be a cosimplicial abelian group. Its normalized cochain complex (NC● , ∂) is
given by

NCn = coker
n
⊕
i=1
(d i ∶ Cn−1 → Cn), ∂ = d0 ∶ NCn → NCn+1

and its Moore complex is given by

MCn = Cn , ∂′ =
n+1
∑
i=0
(−1)id i ∶ Cn → Cn+1 .

Analogously we obtain the following statements:

Theorem 3.10 (Dold–Kan correspondence, dual). Let C be a cosimplicial abelian group.
(1) The functor N ∶ csAb → coCh+(Ab) is an equivalence of categories between cosimplicial abelian

groups and non-negative cochain complexes of abelian groups.
(2) The quotient of cochain complexes MC → NC is a cochain homotopy equivalence, natural in C.
(3) There is a functorial direct sum decomposition MC = NC ⊕ DC, where DC is the subcomplex

generated by the images of all but one of the coface maps. Consequently, DC is acyclic.

There is another characterization of the normalized cochain complex of a cosimplicial abelian group:

Lemma 3.11. For C● a cosimplicial abelian group, its normalized chain complex is isomorphic to the
complex KC● with

KCn =
n−1
⋂
i=1

ker(s i ∶ Cn → Cn−1)

and differential the restriction of the alternating sum of coface maps.

Proof. The proof is dual to the discussion in [GJ09] following the proof Corollary 2.3. □

Really we could have stated the previous results for simplicial objects in any abelian category. In
the following discussion, let us replace “abelian group” with “R-module” for some commutative ring
R, and let X● ∶ ∆ → Set be a cosimplicial set. Let R[−] ∶ Set → ModR denote the free R-module
functor. Then the composition of functors R[X●] yields a cosimplicial R-module. We first state a
useful lemma, whichwas taken from a comment of TomGoodwillie on aMathOverflow thread [Goo]
related to the upcoming Proposition 3.13.

Lemma 3.12 (Goodwillie’s lemma). Let n > 0 and choose x , y ∈ Xn . If x , y are not in the image of any
coface maps d j ∶ Xn−1 → Xn , then d ix = d j y implies i = j and x = y.

Proof. First suppose i < j. Then by the cosimplicial identities,d ix = d j y implies

d i s j−1x = s jd ix = s jd j y = y

so that y is in the image of a coface map, a contradiction. The same argument for j < i leaves only the
possibility i = j. But s id i = id, implying that d i is injective, so x = y. □

Proposition 3.13. Under the Dold–Kan correspondence, the normalized cochain complex of R[X●] has
zero cohomology in positive degree.
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Proof. Let NR[X●] be the normalized cochain complex of R[X●]. In each degree, we have

NR[Xn] = R[Xn]/Dn

where Dn is the free module generated by ∪ni=1 im d i . It follows that NR[Xn] is the free module on
the set U n ∶= Xn/ ∪ni=1 im d i . Let An be the subset of Xn consisting of elements not in the image of
any coface map, and define

Bn = {d0x ∶ x ∈ An−1 , d0x ∉ ∪ni=1d i}.

We make the following two claims:
(1) For n ≥ 1, U n = An ⊔ Bn

Proof. Disjointness and the inclusion An ⊔ Bn ⊂ U n are clear. Conversely, let x ∈ U n . If x ∉ An ,
then x = dk(y) for some y ∈ Xn−1, in fact k = 0 by definition ofU n . It remains to show y ∈ An−1.
If y ∉ An−1 then y = d l(z) for some z ∈ An−2 (here if n = 1 this is impossible). So x = d0d l(z),
and applying a cosimplicial identity we obtain x = d l+1d0(z), contradicting the fact that x ∈ U n .
This completes the proof of the claim. □

(2) For n ≥ 2, Bn = im(d0 ∶ Xn−1 → Xn).

Proof. It suffices to show that if x ∈ im d0, then x ∉ ∪ni=1 im d i . Suppose for contradiction that

x = d0a = d jb

for a ∈ An−1, b ∈ Xn−1, and j ≥ 1. Applying s0 to both sides we obtain

a = s0d0a = s0d jb =
⎧⎪⎪⎨⎪⎪⎩

b j = 1
d j−1s0b j > 1

.

In the first case d0a = d 1b, contradicting Goodwillie’s lemma since a = b ∈ An−1. In the second
case we see that a is in the image of a coface map d j−1, a contradiction. This completes the
proof. □

Now we compute the coface map

d0 ∶ An ⊔ Bn → An+1 ⊔ Bn+1 .

By the two claims, d0 is a bijection An → Bn+1. On Bn , we have d0x = d0d0 y = d 1d0 y for some
y ∈ Xn−1 by cosimplicial identities, so this is zero in NCn . It follows that

Hn(R[X●]) = ker(d0 ∶ NR[Xn] → NR[Xn+1])
im(d0 ∶ NR[Xn−1] → NR[Xn]) =

Bn

Bn
= 0

completing the proof. □

Remark 3.14. The analogue of Proposition 3.13 for simplicial sets is completely false! For example,
given a simplicial set K●, the chain complex NR[K●] computes the homology of K. If these groups
were all zero we would be in trouble.
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3.3. Alexander–Whitney and Eilenberg–Zilber. In the proof of the main theorem there is a step
where one needs to move between chains on a product to the product of chains. The canonical way
to do so is called the Alexander–Whitney map, which we now recall.

The Alexander–Whitney map is a natural transformation of functors between the category of sim-
plicial abelian groups and the category of chain complexes of abelian groups. It “preserves” 1 their
respective monoidal structure, which we now recall. The monoidal product on sAb is given level-
wise: for A, B ∈ sAb, we have

(A⊗B)n = An ⊗Bn
and the face and degeneracy maps are inherited naturally. The monoidal product on the category of
chain complexes is given as follows: for X ,Y ∈ Ch+(Ab), define

(X⊗Y)n = ⊕
p+q=n

Xp ⊗Yq .

and the new differential (X⊗Y)n → (X⊗Y)n−1 by the Koszul sign rule:

∂X⊗ Y(x⊗ y) = ∂Xx⊗ y + (−1)deg xx⊗ ∂Y y.

Definition 3.15. Let M ∶ sAb → Ch+(Ab) be the Moore complex functor. The Alexander–Whitney
mapAW is a natural transformation of the functors

M(−⊗−),M(−)⊗M(−) ∶ sAb × sAb→ Ch+(Ab)

whose components are given as follows. For A, B ∈ sAb and a ∈ An , b ∈ Bn , define the map

AWA,B ∶ M(A⊗B) → M(A)⊗M(B), a⊗ b ↦ ∑
p+q=n

d̃p(a)⊗ dq(b)

where d̃p is the face map induced by [p] → [n], i ↦ i, and dq is the face map induced by [q] →
[n], i ↦ i + p.

Proposition 3.16. AW restricts to a natural transformation

N(−⊗−) Ô⇒ N(−)⊗N(−)

where N is the normalized chains functor. Moreover, for A, B ∈ sAb,

AWA,B ∶ N(A⊗B) → N(A)⊗N(B)

is a natural quasi-isomorphism.

Proof. See Section 2.5.8 of Kerodon [Lur26, Tag 00S0]. □

If we consider the simplicial abelian group of singular chains on a space, translating the formula
from the definition shows that the Alexander–Whitney map corresponds to the division of a simplex
into its front and back faces, and by the corollary below, gives us a coproduct on C●(X). Let X ,Y
be topological spaces, and C●(−) the singular chains functor from Top to sAb. ThenMC●(X) is the
singular chain complex of X in the usual sense.

Corollary 3.17. There is a natural quasi isomorphism

MC●(X × Y) → MC●(X)⊗MC●(Y).

1We use quotation marks here because this preservation is only up to homotopy, and is not strictly monoidal.

https://kerodon.net/tag/00S0


12

Proof. Recall that C●(−) is the composition of the following functors:

Top
X↦Map(∆● ,X)ÐÐÐÐÐÐÐ→ sSet

A●↦Z[A●]ÐÐÐÐÐ→ sAb

and under this composition we get

X × Y ↦Map(∆● , X × Y) =Map(∆● , X) ×Map(∆● ,Y) ↦ Z[Map(∆● , X)]⊗Z[Map(∆● ,Y)]
because the free abelian group functor sends Cartesian products of sets to Z-tensor products of
groups. So the simplicial abelian group C●(X ×Y) is equal to C●(X)⊗C●(Y). Then, by Proposition
3.16 and the Dold–Kan correspondence we are done. □

What we have defined here is a topological Alexander–Whitney map which is a natural transfor-
mation of the functors

MC●(− × −) Ô⇒ MC●(−)⊗MC●(−) ∶ Top ×Top→ sAb

For topological spaces X ,Y , denote the component map by AWX ,Y . From now we will use C●(X)
to mean both the singular (Moore) chain complex and the simplicial abelian group, depending on
context.

Corollary 3.18. For q ≥ 0 and a topological space X, there is a natural quasi-isomorphism of chain
complexes

AW q ∶ C●(Xq) → C●(X)⊗ q .

Proof. Iterate the topological Alexander–Whitney map

C●(X × Xq−1)
AWX ,Xq−1ÐÐÐÐÐ→ ⋯ id⊗ q−2 ⊗AWX ,XÐÐÐÐÐÐÐÐ→ C●(X)⊗ q .

Since each component is a natural quasi-isomorphism, so is the composition. □

As promised, there is also a map going the other way, called the Eilenberg–Zilber map, a natural
transformation of functors

EZ ∶ M(−)⊗M(−) Ô⇒ M(−⊗−).
We are content without having an explicit formula for this map; it is slightly more finicky than the
formula for Alexander–Whitney, and all we need is the following theorem:

Theorem 3.19 (Eilenberg–Zilber theorem, [EZ53]). For simplicial abelian groups A, B, there are chain
homotopies

AW ○EZ ≃ idM(A)⊗M(B) , EZ ○AW ≃ idM(A⊗ B) .
which are natural in A, B. □

It follows that EZ is also a quasi-isomorphism, and these maps are inverses. Specializing to our
topological setting, we obtain

Corollary 3.20. For q > 0 and a topological space X, there is a natural quasi-isomorphism of chain
complexes

EZ q ∶ C●(X)⊗ q → C●(Xq).
Moreover, EZ q ○AW q is chain homotopic to the identity on C●(Xq) andAW q ○EZ q is chain homo-
topic to the identity on C●(X)⊗ q . □

Remark 3.21. The proof of the Eilenberg–Zilber theorem appearing in [EZ53] does not contain any
explicit formulas, making use instead of acyclic models. Explicit formulas for the maps involved can
be found in [EML53], stated in terms of (p, q)-shuffles, which encode to the way simplices can be
partitioned and combined.
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4. Adams’ cobar construction
In this section we define the cobar construction of a coalgebra and introduce Adams’ remarkable 1956
theorem [Ada56], which (roughly) says that given a based topological space (X , x), one can recover
the singular chains of the based loop space ΩxX purely algebraically from the singular chains on
X. We then extend the cobar construction to account for two basepoints by using comodules over a
coalgebra, and prove some useful facts about the underlying homological algebra.

4.1. Definition andAdams’ theorem. Let (C = C⊕R, ∆) be a dg coaugmented counital conilpotent
R-coalgebra. The cobar construction is a functor from this category of coalgebras to the category of
dg associative algebras. There are many references for the following definition, including Adams’
original paper [Ada56]. For this first definition we follow the presentation given in [Riv22].

Definition 4.1. Let (C , ∆, ∂) be as above. The cobar construction on C is the dg R-algebra whose
underlying algebra is the tensor algebra over the desuspension of the reduced coalgebra C:

Cobar(C) ∶= T(s−1C) = R ⊕ s−1C ⊕ s−1C⊗ 2 ⊕⋯
and whose differential is given by extending the linear map

−s−1 ○ ∂ ○ s+1 + (s−1 ⊗ s−1) ○ ∆ ○ s+1 ∶ s−1C → s−1C ⊕ s−1C⊗ 2

to all of T(s−1C), which yields a linear map of degree −1 from T(s−1C) to itself.

The definition of the differential here is valid owing to Lemma 2.8, which says that it suffices to
define the differential on the component s−1C ⊂ T(s−1C). Regardless, it will be helpful to be a little
more explicit. By the discussion in the previous sections, as a chain complex, Cobar(C) has terms

Cobark(C) = (T(s−1C))k
= ⊕
q≥0
(s−1C)⊗ qk

= ⊕
q≥0

⊕
n1+⋯+nq=k

(s−1C)n1 ⊗⋯⊗(s−1C)nq

= ⊕
q≥0

⊕
n1+⋯+nq=k

Cn1+1 ⊗⋯⊗Cnq+1

= ⊕
q≥0

⊕
m1+⋯+mq=k+q

Cm1 ⊗⋯⊗Cmq

= ⊕
p+q=−k

⊕
m1+⋯+mq=−p

Cm1 ⊗⋯⊗Cmq

(4.1)

The purpose of introducing the dummy variable p at the end of this tedious indexing exercise was
to suggest that we should be able to realize the cobar construction as the totalization of a second
quadrant bicomplex. Indeed, in the cobar differential, we utilize both the internal differential ∂ of C
with its differential graded structure as well as the coproduct ∆ of C as a coalgebra.

Definition 4.2. Let (C , ∆, ∂) be as above. The cobar bicomplex is the bicomplex Cobar●,●(C) with

Cobarp ,q ∶= ⊕
m1+⋯+mq=−p

Cm1 ⊗⋯⊗Cmq

and differentials

dH ∶ Cobarp ,q → Cobarp+1,q , x1 ⊗⋯⊗ xq ↦
q

∑
i=1
(−1)σ(x i)x1 ⊗⋯⊗ ∂(x i)⊗⋯⊗ xq
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dV ∶ Cobarp ,q → Cobarp ,q+1 , x1 ⊗⋯⊗ xq ↦
q

∑
i=1
(−1)σ(x i)x1 ⊗⋯⊗∆(x i)⊗⋯⊗ xq

where σ(x i) = deg x1 +⋯ + deg x i−1.

Proposition 4.3. The totalization of the bicomplex Cobar●,●(C) given by
Totk(Cobar●,●) = ⊕

p+q=−k
Cobarp ,q

with differential ∂Cobar = dH + (−1)pdV on Cobar●,q , is isomorphic as a dg algebra to Cobar●(C).

Proof. By Equation 4.1, we have an equality of groups Totk(Cobar●,●) and Cobark(C). Since dH is of
degree (+1, 0) and dV is of degree (0,+1), the total differential ∂Cobar has total degree −1. By Lemma
2.8, it suffices to show they agree on the component s−1C. Indeed, under the identification in Equation
4.1, we have

(s−1C)p = Cobarp ,1
and on this component ∂Tot is precisely ∂Cobar = dH − dV . □

Warning 4.4. Wehave overloaded the notationCobar, first to refer to the functor fromDefinition 4.1
sending a dg coalgebra to a dg algebra, and second to refer to the functor fromDefinition 4.2 sending
a dg coalgebra to a bicomplex. We will distinguish these using subscripts: using Cobar● for the first
and Cobar●,● for the second. But the next proposition shows that this distinction is not so important.

What ismiraculous is that this purely algebraic construction encodes a good amount of topological
information. This is the content of Adams’ theorem:

Theorem 4.5 ([Ada56]). Let (X , x) be a simply connected based topological space. Let ΩxX be the
space of loops in X based at x. Then there is a natural isomorphism

H●(Cobar(C●(X))) ≅ H●(ΩxX).

Thus we can regard the cobar construction as the algebraic analogue of the based loop space func-
tor. As the prefix co- suggests, the cobar construction is adjoint to a functor

Bar ∶ dgAlg → dgConilCoalg

called the bar construction, which is (roughly) the algebraic version of the delooping of a space. We
will briefly touch on the bar construction again in §5.

Remark 4.6. The isomorphism in Adams’ theorem actually occurs at the chain level. Moreover,
Rivera has shown in [Riv22] that the simply-connectedness assumption can be reduced to path-
connectedness.

Remark 4.7. The name bar construction comes from typesetting. Pre-LATEX, a tensor x1 ⊗⋯⊗ xn
would be written x1∣⋯∣xn . Adams attributes the name cobar to H. Cartan (see footnote 3 of [Ada56]).

4.2. Two-sided version. The cobar construction of a dg coalgebra is a special case of a more general
two-sided cobar construction, which will allow us to talk about path spaces with differing endpoints.
An analogous two-sided bar construction is well documented (for example in [Zha19], [MZZ25]).
Here we give an exposition of the dual construction, which we could not find in the literature.

Definition 4.8. Let (C , ∆) be a conilpotent R-coalgebra and let (N , ∆L) and (M , ∆R) be left and right
comodules over C, respectively. The two-sided cobar construction on (N ,C ,M) is the cosimplicial R-
module

Cobar(N ,C ,M)q = M⊗C⊗ q ⊗N
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with cofaces d i ∶ Cobarq−1 → Cobarq given by

d i =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∆R ⊗ id⊗ q−1 ⊗ idN i = 0
idM ⊗ id⊗ i−1

C ⊗∆⊗ id⊗ q−i−1C ⊗ idN i ∈ {1, ..., q − 1}
idM ⊗ id⊗ q−1 ⊗∆L i = q

and codegeneracies s i ∶ Cobarq+1 → Cobarq given by

s i = idM ⊗ id⊗ i−1 ⊗ є⊗ id⊗ q−i+2 ⊗ idN , i ∈ {0, ..., q}
where є ∶ C → Z is the counit.

By the Dold–Kan correspondence we can also regard this as a chain complex of R-modules. If C
also has dg structure, and N ,M are dg comodules over C, then then we get an internal differential on
Cobar(N ,C ,M) in addition to the differential coming from the coalgebra and comodule maps. Tak-
ing these new differentials into account, we obtain the following definition, generalizing the previous
discussion of the cobar bicomplex:

Definition 4.9. Let (C , ∂C), (N , ∂N), and (M , ∂M) be as above. The two-sided cobar bicomplex has
underlying bigraded R-module

Cobar(N ,C ,M)p ,q = (M⊗C⊗ q ⊗N)p
= ⊕
a+b1+⋯+bq+c=−p

Ma ⊗Cb1 ⊗⋯⊗Cbq ⊗Nc

with vertical differential given by the alternating sums of the coface maps

dV ∶ Cobar(N ,C ,M)●,q−1 → Cobar(N ,C ,M)●,q , dV =
q

∑
i=0
(−1)id i

and horizontal differential coming from the comodule and coalgebra differentials:

dH ∶ Cobar(N ,C ,M)p ,q → Cobar(N ,C ,M)p−1,q
dH(m⊗ c1 ⊗⋯⊗ cq ⊗ n) = ∂M(m)⊗ c1 ⊗⋯⊗ cq ⊗ n

+
q

∑
i=1
(−1)∣m∣+σ(c i)m⊗ c1 ⊗⋯⊗ ∂C(c i)⊗⋯⊗ cq ⊗ n

+ (−1)∣m∣+σ(cq)+∣cq ∣m⊗ c1 ⊗⋯⊗ cq ⊗ ∂N(n)

(4.2)

where σ(xk) = ∣x1∣+⋯+∣xk−1∣. Then totalizing with total degree −p−q and differential dH +(−1)pdV
on Cobar(N ,C ,M)●,q yields a dg algebra, the two-sided cobar construction of (N ,C ,M).

This lives in the second quadrant. Once again we are overloading the notation Cobar, but having
multiple arguments in Cobar(−) indicates that we are referring to the two-sided version. Of course,
this two-sided construction reduces to the one in the previous subsection, which we will sometimes
refer to by the single-sided cobar construction. To prove this fact, we need a lemma purely about
homological algebra, whose proof we include for posterity.

Lemma 4.10. Let f ∶ D●,● → E●,● be a map of second quadrant bicomplexes of abelian groups with
differentials of bidegree (+1, 0) and (0,+1). Then
(1) If f is a column-wise quasi-isomorphism, then the inducedmap on totalizations f∗ ∶ TotD → Tot E

is a quasi-isomorphism.
(2) If f is a row-wise quasi-isomorphism, and there exists N ≥ 0 such that Dp ,q = Ep ,q = 0 for all

q ≥ N, then the induced map on totalizations f∗ ∶ TotD → Tot E is a quasi-isomorphism.



16

Proof. (1) Let D≤m●,● be the quotient complex of D obtained by quotienting out the rows above m,
and likewise for E. We proceed by induction on m. If m = 0 we are done, so suppose for m ≥ 1
that

f∗ ∶ Tot(D≤m−1) → Tot(E≤m−1)

is a quasi-isomorphism.
Totalizing by taking total degree k = −p − q, we have the short exact sequence

0→ Tot(D≤m−1) ↪ Tot(D≤m)↠ D−m ,●[m] → 0

where D−m ,●[m] is the shifted complex

⋯ → 0→ D−m ,0 → D−m ,1 → ⋯

where the D−m ,0 term lies in degreem. Then by the five lemma applied to the following diagram
and the corresponding diagram in the long exact sequence on homology

0 Tot(D≤m−1) Tot(D≤m) D−m ,●[m] 0

0 Tot(E≤m−1) Tot(E≤m) E−m ,●[m] 0

we conclude that f∗ is a quasi-isomorphism Tot(D≤m) → Tot(E≤m). Since D is a filtered colimit
of the D≤m , and homology and totalization commute with filtered colimits, we conclude that f∗
is a quasi-isomorphism Tot(D) → Tot(E).

(2) We equip TotD with a filtration inherited from the descending filtration on rows of D and E:

F r Totk D = ⊕
p+q=−k ,q≥r

Dp ,q

and likewise for E. By assumption, this filtration is finite, exhaustive and bounded below, so its
associated spectral sequence converges to the homology of the totalization. The first page of the
spectral sequence is given by the horizontal homology

D1
p ,q = Hp(D●,q), E1

p ,q = Hp(E●,q)

and by assumption f induces an isomorphism on this page. Then by the mapping lemma (5.2.4,
[Wei95]), f induces an isomorphism on the∞-pages of D and E. Then applying the five lemma
inductively on the finite filtrations of H●(TotD) and H●(Tot E) completes the argument.

□

Proposition 4.11. Let C be a conilpotent dg R-coalgebra with coaugmentation η ∶ R → C. Set N = M =
R, regarded as a dg R-comodule with R concentrated in degree zero. Define the left action ∆L ∶ N →
C⊗N via

R

C C⊗R
η ∆L

≅

and likewise for the right action. Then Tot● Cobar(R,C , R) as above is quasi-isomorphic to the single
cobar construction Cobar●(C) of Definition 4.1.
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Proof. Consider the bicomplex that is obtained by replacing each column of Cobar(R,C , R) with its
normalized cochain complex:

N Cobarp ,q(R,C , R) ≅
q−1
⋂
i=0

ker(s i ∶ Cobarp ,q → Cobarp ,q−1)−p

=
q−1
⋂
i=0

ker(idi ⊗ є⊗ id⊗ q−i−1)p

= (ker(є)⊗ q)−p
= ⊕
m1+⋯+mq=−p

Cn1 ⊗⋯⊗Cnq

= Cobarp ,q(C).
Upon checking differentials, we conclude that the normalized two-sided cobar bicomplex N Cobar
is isomorphic to the one-sided cobar bicomplex on C. By Lemma 4.10, the map Cobar → N Cobar
induces a quasi-isomorphism of total complexes, completing the proof. □

We hope for the two-sided cobar construction to be functorial enough, i.e. it should send most
quasi-isomorphisms of dg coalgebras to quasi–isomorphisms of bicomplexes. As stated, this is not
always true, not even for the single-sided cobar construction. An example may be found in Propo-
sition 2.4.3, [LV12]. There are two remedies: (1) we can impose a stronger condition on the quasi-
isomorphism of coalgebras, or (2) in view of the second half of Lemma 4.10, we can ask whether the
induced map on a truncated version of cobar is a quasi-isomorphism.

For (1), let C ,C′ be dg conilpotent R-coalgebras equipped with the coradical filtration F●, and
let f ∶ C → C′ be a morphism of dg conilpotent R-coalgebras. Since the maps and differentials
respect the coradical filtration, f descends to a map [ f ] ∶ gr● C → gr● C

′ of associated gradeds, where
grr C = FrC/Fr−1C.
Definition 4.12. If [ f ] is a quasi-isomorphism, we say f is a graded quasi-isomorphism.

Lemma 4.13. Let R be a principal ideal domain. Let N ,M be left and right conilpotent dg C-comodules.
Let N ′ ,M′ be left and right conilpotent dg C′-comodules. Suppose
(1) f ∶ C → C′ is a graded quasi-isomorphism with respect to the coradical filtration,
(2) g ∶ N → N ′, and h ∶ M → M′ are graded comodule maps that are graded quasi-isomorphisms

with respect to the coradical filtration,
(3) C ,C′ ,N ,N ′ ,M ,M′ and their associated gradeds are flat over R.
Then the induced map

(g , f , h)∗ ∶ TotCobar(N ,C ,M) → TotCobar(N ′ ,C′ ,M′)
is a quasi-isomorphism.

Proof. We imitate the strategy of the proof of the analogous Proposition 2.4.1 in [LV12], which is over
a field for the one-sided cobar construction. Define a weighting on the elements of N ,C ,M via

∣x∣ = {min r ∶ x ∈ Fr}
where Fr is the coradical filtration on the respectivemodules. Consider the filtration on the two-sided
cobar construction given by

Fr Cobar(N ,C ,M) ∶= {m⊗ c1 ⊗⋯⊗ cq ⊗ n ∶ ∣m∣ + ∣c1∣ + ⋯ + ∣cq ∣ + ∣n∣ ≤ r}.
The totalization of Cobar inherits this filtration:

Fr Totk Cobar(N ,C ,M) ∶= ⊕
p+q=−k

Fr Cobarp ,q .
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The filtration is bounded below and exhaustive by conilpotency, so its associated spectral sequence
converges to the homology of TotCobar(N ,C ,M). Its zeroth page is given by

E0
s ,t Cobar(N ,C ,M) = Fs Tots+t Cobar

Fs−1 Tots+t Cobar
= ⊕
q≥0

Fs(M⊗C⊗ q ⊗N)s+t
Fs−1(M⊗C⊗ q ⊗N)s+t

.

By assumption, all the modules involved are flat, so we can commute the associated graded with the
tensor products to obtain

E0
s ,t Cobar(N ,C ,M) = ⊕

q≥0
⊕

a+b1+⋯+bq+c=s
(gra M⊗ grb1 C⊗⋯⊗ grbq ⊗ grc N)s+t .

Summing over t, each column of the E0 page is therefore given by

E0
s ,● = Cobar(grN , grC , grM)(s)

where the superscript (s) denotes the subcomplex of elements satisfying

∣m∣ + ∣c1∣ + ⋯ + ∣cq ∣ + ∣n∣ = s.
In other words, the induced map

E0(Cobar(g , f , h)) ∶ E0 Cobar(grN , grC , grM) → E0 Cobar(grN , grC′ , grM)
is exactly the induced map Cobar([g], [ f ], [h]). So it suffices to prove that the column-wise maps
are quasi-isomorphisms in light of Lemma 4.10.

To do so, we define another filtration G on each column E0
s ,● based on tensor length, with

n⊗ c1 ⊗⋯⊗ cq ⊗m ∈ GkE0
s ,● ⇐⇒ q ≥ −k.

This is an exhaustive increasing filtration and is bounded below, so the associated spectral sequence,
which we will denote by Ẽ, converges. The filtered pieces Gk/Gk−1 consist of elements with ten-
sor length exactly k. Because the vertical differentials induced by the coproduct increase tensor
length, they are zero on Ẽ0, so the d0 differential solely comes from the internal differentials of
grN , grC , grM, i.e. the Ẽ0-page is just the tensor product of the complexes grN ⊗(grC)⊗ q ⊗ grM.
By flatness and the Künneth formula, we obtain

Ẽ1(C) = H●(grN)⊗H●(grC)⊗ q ⊗H●(grM).
By assumption, ([g], [ f ], [h]) induces an isomorphism

Ẽ1(C) → Ẽ1(C′)
and consequently on the columns of the original bicomplex E0

s ,●, completing the proof. □

In practice, however, the notion of a graded quasi-isomorphism can be quite restrictive. For the
purposes of this thesis, we will only need a truncated version of the cobar construction, in which
quasi-isomorphisms of coalgebras will always induce quasi-isomorphisms. Let us make this precise.
Let Cobar>n denote the subcomplex of Cobar obtained by setting all rows below n to zero, and let
Cobar≤n be the quotient bicomplex Cobar /Cobar>n . Then Cobar≤n is a second quadrant bicomplex
satisfying the assumptions of the second half of Lemma 4.13. Therefore, we obtain the following
corollary:

Corollary 4.14. Let R be a principal ideal domain. Let N ,M be left and right conilpotent dg C-
comodules. Let N ′ ,M′ be left and right conilpotent dg C′-comodules. Suppose
(1) f ∶ C → C′, g ∶ N → N ′, and h ∶ M → M′ are quasi-isomorphisms,
(2) g , h are (left/right)-comodule maps,
(3) C ,C′ ,N ,N ′ ,M ,M′ are flat over R.
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Then the induced map on truncated two-sided cobar constructions

(g , f , h)∗ ∶ Cobar≤n(N ,C ,M) → Cobar≤n(N ′ ,C′ ,M′)
induces a quasi-isomorphism on totalizations.

Proof. By flatness and the Künneth formula, the induced map on row q, given by

(g , f , h)∗ = g⊗ f ⊗ q ⊗ h
is a quasi-isomorphism. Applying the second half of Lemma 4.10 completes the proof. □

The scenario in which this applies is if we want to use normalized singular chains instead of sin-
gular chains inside of the cobar construction. Note that this is different to what we did in Proposition
4.11, where we normalized each column of the two-sided cobar complex, instead of replacing the in-
puts with their normalized counterparts.

5. Homology and the fundamental group

Better to sink beneath the shock
Than moulder piecemeal on the rock!

—Lord Byron,The Giaour

One can use homology and the cobar construction to approximate the fundamental group:

Theorem 5.1 ([Sta75], Theorem 5.4). Let R be a ring and Y a simplicial set with Y0 = {∗}. Let I be
the augmentation ideal of the group ring Rπ1(∣Y ∣, ∗). Let E be the spectral sequence associated to the
one-sided cobar bicomplex on the simplicial chain complex2 associated to Y, with coaugmentation the
inclusion of the 0-simplex and filtration by tensor length. Then there is an isomorphism

E∞−p ,p → I p/I p+1 .

A dual version of this theorem with cohomology and the bar construction can be found in [Gad23],
Theorem 1.2(3). The setting in which this is relevant for us is when Y = Sing(X) for X a topological
space. The goal of this section will be to prove a version of this theorem for the two-sided cobar
construction, which we will also do in the setting of simplicial sets.

Recall that the two-sided cobar functor takes in as input a dg conilpotent coalgebra and two dg
comodules over it. In particular, if we begin with a connected simplicial set Y , its normalized simpli-
cial chain complex N●(Y) is a conilpotent dg algebra, and under this correspondence any simplicial
subset Y ′ ⊂ Y becomes a bicomodule over N●(Y). Let us briefly recall/define for our purposes what
the fundamental group and groupoid of Y are. To avoid technicalities about simplicial sets, we simply
define them to be the corresponding notions of fundamental group(oid) for the geometric realization
∣Y ∣. For all purposes this is enough. 3 Recall that Y is connected if π0(Y) = {∗}, i.e. between any
two 0-simplices there exist a sequences of contiguous 1-simplices connecting them. Equivalently, the
geometric realization ∣Y ∣ is connected/path-connected.

Definition 5.2. The fundamental groupoid of a connected simplicial set Y is the full subcategory πY
of π∣Y ∣ whose objects are the zero simplices. For a given 0-simplex y ∈ Y0, the fundamental group of
(Y , y) is the group of morphisms π1(Y , y) ∶= πY(y, y) = π∣Y ∣(y, y).

2Compose Y ∶ ∆op → Set with the free R-module functor, then use Dold–Kan to obtain the corresponding Moore
complex. This is a dg coalgebra whose comultiplication is given by the Alexander–Whitney map, same as it is with singular
chains on a topological space.

3The technical simplicial set definition of fundamental groupoid πY is category-equivalent to what we define here.
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Now regard N●({a}) as a right N●(Y)-comodule via the right comodule action

∆R ∶ N●(a)
AWÐÐ→ N●(a)⊗N●(a)

id⊗ ιaÐÐÐ→ N●(a)⊗N●(Y)
and likewise for N●({b}) as a left N●(X)-comodule.

Theorem 5.3. Let Y be a connected simplicial set and choose a, b ∈ Y0. Let N●(Y) be the normalized
chain complex associated to Y, and let N●(a),N●(b) be the normalized chain complexes associated to
the constant subsimplicial sets at a and b respectively. Let I be the augmentation ideal of the group ring
Zπ1(Y , a). Let E be the spectral sequence associated to the two-sided cobar construction

Cobar(b,Y , a) ∶= Cobar(N●(b),N●(Y),N●(a))
where the filtration is given by tensor length. Then there is an isomorphism

E∞−p ,p → ZπY(a, b)I p/ZπY(a, b)I p+1 .

More precisely, for any a, b ∈ Y0 we will construct a map

H0(Cobar≤n(b,Y , a)) → ZπY(a, b)/ZπY(a, b)I p+1

and after some spectral sequence algebra we will deduce the theorem.

5.1. Stallings’ proof. We will imitate Stallings’ strategy. He relies on the following result of Brown:

Theorem 5.4 (Theorem 10.2, [Bro59]). Let A be a dga R-algebra. Suppose A0 = R and H1(A) = 0.
Then there is a chain equivalence Cobar(Bar(A)) → A. □

This is an intermediate step, and because we don’t discuss the bar construction again, we refer the
reader to sources such as [Mil67], Chapter 16 of [Bro82], or Chapter 1.5 of [May99]. In our case we
specialize to the case where G is a group and A is the chain complex consisting of the integral group
ring ZG concentrated in degree zero. Then it is a fact that the bar construction on ZG is isomorphic
to singular chains on the classifying space BG.

Proposition 5.5. Let G be a group and BG its classifying space. There is a chain equivalence

Cobar(C●(BG)) → ZG

and consequently for any simplicial set Y with Y0 = {∗}, there is an isomorphism
H0 Cobar(C●(Y)) → Zπ1(Y , ∗).

Proof. For the first map, apply Brown’s theorem. The second isomorphism follows by Corollary 5.3
of [Sta75], which says that the map of Y into Bπ1(Y , a) (as a simplicial set) induces an isomorphism
on zeroth homology of cobar constructions. □

Returning to Stallings’ theorem, he specifically shows that the map

Tot0(Cobar(C●(Y))) → Zπ1(Y , ∗)
σ1 ⊗⋯⊗ σq ↦ (1a − σ1) ⋅ ⋯ ⋅ (1a − σq)

descends to an isomorphism on zeroth homology. Then it is clear that the tensor length truncations of
Cobar correspond to the I-adic filtration on the fundamental group ring, since the latter is generated
by elements of the form 1 − g. The natural generalization of Stallings’ map to the two-sided case

Tot0(Cobar(b,Y , a)) → ZπY(a, b)
1b ⊗ σ1 ⊗⋯⊗ σq ⊗ 1a ↦ (1 − σ1) ⋅ ⋯ ⋅ (1 − σq)

runs into a few issues. First, it is unclear what the multiplication on the right hand side means. In the
fundamental group ring the multiplication is given by path concatenation, since all the σi are loops
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with the same endpoints, but once we have different endpoints this becomes ill-defined. Secondly,
recall that Tot0 Cobar(b,Y , a) is generated by

N●(b)⊗N●(Y)⊗⋯⊗N●(Y)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

q times

⊗N●(a), internal degrees summing to q

so one could, for example, have cycles in Tot0(Cobar(b,Y , a)) coming from
N0(b)⊗N0(Y)⊗N2(Y)⊗N0(a).

So it is unclear how Stallings’ map generalizes, since we have only defined it on 1-chains. Moreover,
if we have multiple 0-simplices, then differences of 0-simplices now generate the kernel of the counit
N0(Y) → Z, so not all internal degree 0 tensor factors vanish. The upcoming definitions will help us
address these problems.

5.2. Two-sided isomorphism. What we want to do is to be able to multiply the morphisms in πY
regardless of whether their endpoints match up or not. We will simply concatenate them if the end-
points match, and make the product zero if they don’t. To do so we will regard πY as a subset of a
certain ring in the following manner.
Definition 5.6. For any small category C and ring R, the category algebra R[C] is the ring (possibly
withoutmultiplicative identity) whose underlying set is the free R-module on the set of all morphisms
in C. The addition on R[C] is given by the free module addition, and the multiplication of two mor-
phisms is given by their composition, if they are composable, and zero otherwise.

If C has only finitely many objects, then the sum of all identity objects serves as the multiplicative
identity. This also makes R[C] into an R-algebra. In our case, let Y be our simplicial set, and form the
integral category algebra Z[πY] on its fundamental groupoid. An element of Z[ΠY] is some Z-linear
combination of paths between 0-simplices, andmultiplication of two homotopy classes of paths σ and
τ is given by concatenation if the endpoint of σ is equal to the starting point of τ, and zero otherwise.
By regarding the morphisms in ZπY(a, b) as a subset of Z[πY], we can multiply them. Indeed, in
the case with a single 0-simplex, the multiplication reduces to path concatenation in the fundamental
group ring.

The way we will prove this two-sided generalization of Stallings’ theorem is to reduce it to his
case where the simplicial set has only a single 0-simplex. To do so, recall that we can always choose
a maximal spanning tree T ⊂ Y which contains all 0-simplices4. Because trees are contractible, the
quotientY → Y/T is a homotopy equivalence, and the resultant simplicial setY/T has only a single 0-
simplex ã. Let tx ,y denote the unique path in T joining two 0-simplices x and y. Then tx ,y ⋅ ty ,z = tx ,z ,
and tx ,x = 1a . Given a 1-simplex σi of Y and fixed 0-simplex a, define

Ta(σi) = ta ,d0σ i ⋅ σi ⋅ td1σ i ,a ,
which is an element of Zπ1(Y , a). Lastly let T(σi) be the unique homotopy class in T of σi , which by
our notation above is td0σ i ,d1σ i . Though we tried our best, we could not avoid making a choice of tree
here. Following this chapter’s epigraph, let us march on and state the map regardless.
Proposition 5.7. For a, b ∈ Y0, the map

φa ,b ∶ Tot0 Cobar≤n(b,Y , a) → ZπY(a, b)/ZπY(a, b)In+1

defined by

φa ,b(1b ⊗ σ1 ⊗⋯⊗ σq ⊗ 1a) = 1b ⋅ (
q

∏
i=1
(T(σi) − σi)) ⋅ 1a

4This follows by Zorn’s lemma applied to the collection of subgraphs of the 1-skeleton which are trees. It turns out also to
imply Zorn’s lemma! See, for example, Serre’s aptly named book Trees, §2.3 [Ser80].
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on such generators consisting of non-degenerate 1-simplices, and defined by zero otherwise, descends to
an isomorphism on zeroth homology. On the right-hand side, themultiplication comes from the category
algebra Z[πY].

Proof. We need to check that φa ,b factors through the subcomplex Cobar>n and that it descends to
homology. For the first point, take an element σ = 1b ⊗ σ1 ⊗⋯⊗ σq ⊗ 1a ∈ Tot0 Cobar(b,Y , a). Note
first that by rewriting σi as td0σ i ,a ⋅ Ta(σi) ⋅ ta ,d1σ i , we get

T(σi) − σi = td0σ i ,d1σ i − td0σ i ,a ⋅ Ta(σi) ⋅ ta ,d1σ i
= td0σ i ,a ⋅ (1a − Ta(σi)) ⋅ ta ,d1σ i

and now this middle factor belongs to I ⊂ Zπ1(Y , a). We may now assume the σi assemble into a
contiguous path between a and b, for otherwise they vanish on φa ,b under the multiplication in the
category algebra. We then obtain:

φa ,b(σ) = 1b ⋅ (
q

∏
i=1

T(σi) − σi) ⋅ 1a

= 1b ⋅ td0σ1 ,a ⋅ (1a − Ta(σ1)) ⋅ ta ,d1σ1 ⋅ ⋯ ⋅ td0σq ,a ⋅ (1a − Ta(σq)) ⋅ ta ,d1σq ⋅ 1a

= tb ,a ⋅
q

∏
i=1
(1a − Ta(σi)) ∈ ZπY(a, b)I q .

Hence φa ,b factors through Cobar>n .
For the second point, by definition, Tot1 Cobar necessarily contains a tensor factor coming from

N2(Y), say Γ. Computing the two-sided cobar differential, we have
φa ,b(∂Γ) = (1 − d0Γ) − (1 − d1Γ) + (1 − d2Γ)

= 1 − d0Γ + d1Γ − d2Γ
φa ,b(∆Γ) = (1 − d2Γ)(1 − d0Γ)

= 1 − d0Γ − d2Γ + d2Γ ∗ d0Γ
so that

φa ,b ○ ∂Cobar(1a ⊗ Γ⊗ 1b) = φa ,b(∂Γ − ∆(Γ)) = [d1Γ] − [d2Γ ∗ d0Γ] = 0
since d2Γ ∗ d0Γ is homotopic to d1Γ. Thus φa ,b descends to a well defined map on zeroth homology.

The remainder of the proof relies on the aforementioned comparison with Stallings’ theorem. The
quotient of the tree induces a quasi-isomorphism

q ∶ N●(Y) → N●(Y/T).
Now let D denote the two-sided cobar bicomplex Cobar(b,Y , a) and D>n , D≤n be the previous sub-
complex and quotient. Then q induces a map from D onto the two-sided cobar construction on

(5.1) (N●(ã),N●(Y/T),N●(ã)).
By Lemma 4.10 and Proposition 4.11, the two-sided cobar construction on (5.1) is quasi-isomorphic
after totalization to the single-sided cobar construction Cobar(C●(Y/T)) with coaugmentation the
inclusion of ∗. Let E, E>n , E≤n denote the corresponding bicomplexes for Cobar(C●(Y/T)). This
gives us a quasi-isomorphism TotD≤n → E≤n . Consider now the following diagram:

H0(D≤n) H0(E≤n)

ZπY(a, b)/ZπY(a, b)In+1 Zπ1(Y , ã)/In+1

q∗

φa ,b 5.1

q∗
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By the previous discussion, the top arrow is an isomorphism. The right arrow is an isomorphism by
Stallings’ theorem; his map is just φ ã , ã . The bottom map is left concatenation with the element ta ,b ,
the pasing to the quotient. Because T is a maximal tree this is an isomorphism. It remains to show
that φa ,b commutes with these maps. We have

q∗ ○ φa ,b(σ) = q∗(tb ,a ⋅
q

∏
i=1
(1a − Ta(σi))) = 1ã ⋅

q

∏
i=1
(1ã − q∗Ta(σi)).

On the other hand, since q∗ collapses any path in T , we have

q∗σi = q∗(td0σ i ,a ⋅ Ta(σi) ⋅ ta ,d1σ i ) = q∗Ta(σi),
so that

φ ã , ã ○ q∗(σ) = 1ã ⋅ (
q

∏
i=1

T(q∗σi) − q∗σi) ⋅ 1ã

= 1ã ⋅ (
q

∏
i=1

1ã − q∗Ta(σi)) ⋅ 1ã

= 1ã ⋅ (
q

∏
i=1

1ã − q∗Ta(σi))

showing commutativity and concluding the proof. □

Proof of Theorem 5.3. The exact sequence 0→ D>n → D → D≤n → 0 induces a long exact sequence

⋯ → H0(D>n) → H0(D) → H0(D≤n) → H−1(D>n) → ⋯.
We claim that the homology groups of D>n and D are zero in negative degree. While this is im-

mediate for E>n and E, it is not a priori obvious here due to the second issue we mentioned earlier
in this section, which said that terms in Tot−1(D) can be nonzero. Let us work with the normalized
two-sided cobar construction, which is quasi-isomorphic after totalizing to D. Its internal tensor
factors of N●(Y) are replaced by their reduced counterparts N●(Y) by the same computation as in
Proposition 4.11. The elements of total degree k therefore belong to

(N●(b)⊗N●(Y)
⊗ q
⊗N●(a))−p

where k = −p− q. Filtering this by tensor length (which is exhaustive), we obtain a spectral sequence

E1
p ,q = H−p(N●(b)⊗N●(Y)

⊗ q
⊗N●(a)).

Since Y is connected, Hk(N●(Y)) = 0 for k ≤ 0, so by the Künneth formula, Hk(N●(Y)
⊗ q
) = 0

when k < q. Hence the E1 page is zero under the diagonal, when −p < q. Thus when k = −p − q < 0,
the total complex has no homology in degree k. The same argument applies for the subcomplex D>n .
We consequently get a surjection

H0(D) → H0(D≤n)
whose kernel is H0(D>n), i.e. the (n + 1)th filtered piece of H0(D). Thus H0(D)/Fn+1H0(D) ≅
H0(D≤n). We conclude on the∞-page of the spectral sequence associated to D that

D∞−n ,n ≅ FnH0(D)/Fn+1H0(D)
≅ ker(H0(D≤n) → H0(D≤n−1))
≅ ker(ZπY(a, b)/ZπY(a, b)In+1 → ZπY(a, b)/ZπY(a, b)In)
= ZπY(a, b)In/ZπY(a, b)In+1

where the third isomorphism is by Proposition 5.7, completing the proof. □
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This proof addresses the second issue we encountered earlier. The terms of Tot0 Cobar containing
an internal tensor factor of C l(Y) for l ≥ 2 get sent to zero. This makes sense, since π1 and πX(a, b)
only contain information about the 1-simplices. Let us conclude by translating these two results back
into the language of topological spaces for later.

Corollary 5.8. Let X be a path-connected topological space with two basepoints a, b. Then there are
isomorphisms

H0 Cobar
≤n(N●(b),N●(X),N●(a)) → ZπX(a, b)/ZπX(a, b)In+1 ,

E∞−p ,p → ZπX(a, b)I p/ZπX(a, b)I p+1

where E is the spectral sequence associated to Cobar(N●(b),N●(X),N●(a)) with the tensor-length
filtration.

Proof. Apply Theorem 5.3 and Proposition 5.7 with Y = Sing(X), and note that πY and πX are natu-
rally isomorphic. □

6. Proof of main theorem
We are finally ready to present the proof of Theorem 1.1. Recall that X is a path-connected topolog-
ical space with basepoints a, b. Our strategy will be to consider the other spectral sequence associ-
ated to the two-sided cobar construction. To do so, we will first build a spectral sequence starting
from the cosimplicial path space P●a ,bX of Example 3.4. We will show that it computes the group
Hn(Xn , X(n)ab), and that it arises from the two-sided cobar construction. Then we will conclude by
the previous discussion relating the cobar construction to the fundamental group.

6.1. Building another spectral sequence. Denote P●a ,bX by P● for simplicity. Notice first that the
union of the images of the coface maps d i ∶ Pn−1 → Pn is exactly the subspace X(n)ab . This is a
good sign. Now consider the second-quadrant bicomplexC●,● which is obtained by applying singular
chains to P●:

Cp ,q = C−p(Pq)
with “horizontal” differential dC

H ∶ C−p(Pq) → C−(p+1)(Pq) given by the singular boundarymap, and
“vertical” differential dC

V ∶ Cp(Pq) → Cp(Pq+1) given by the differential of the Moore complex of the
cosimplicial abelian group Cp(P●). Each column Cp ,● is the Moore complex of Cp(P●). Consider
now the bicomplex N●,● whose columns are instead the normalized cochain complexes of Cp(P●).
By Dold–Kan, and Lemma 4.10, the map C ↠ N is a quasi-isomorphism after totalizing. Let us
spell out what the groups in N actually are. Following the definition, we have

Np ,q = coker
n
⊕
i=1
(d i∗ ∶ Cp(Xn−1) → Cp(Xn)) = Cp(Xn)/⟨

n
∑
i=1

im(d i)∗⟩ = Cp(Xn , X(n)b).

Here X(n)b denotes the subspace of Xn consisting of those (x1 , ..., xn) where x i = x i+1 for i ∈
{1, ..., n − 1} or xn = b. Moreover, the vertical differential Np ,q → Np ,q+1 is induced by the zeroth
coface map d0. Consider now the bicomplex obtained from N by quotienting out the rows above
q = n, which we will denote by N ≤n .

Proposition 6.1. Filtering N ≤n by the lower index, we obtain a spectral sequence with terms

E2
−n ,n = Hn(Xn , X(n)ab), E2

0,0 =
⎧⎪⎪⎨⎪⎪⎩

Z a = b
0 a ≠ b.

collapsing on the second page and converging to H●N ≤n . Moreover, all rows E2
●,q are zero for q ≠ 0, n.
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Proof. The filtration is bounded below and exhaustive, so the spectral sequence converges. To com-
pute the E2-page, let us begin on E0, whose−pth column is the followingnormalized cochain complex
(beginning below in degree q = 0):

Cp(∗) → Cp(X , {b}) → ⋯ → Cp(Xn , X(n)b) → 0→ ⋯

of the Moore complex

(6.1) Cp(∗) → Cp(X) → ⋯ → Cp(Xn) → 0→ ⋯.

By Dold–Kan, these complexes have the same homology. But now (6.1) is just the cochain complex
obtained by taking the free abelian group on the cosimplicial set [q] ↦ Map(∆p , Pq), with terms
q > n set to zero. Therefore, by Proposition 3.13, we obtain E1

−p ,q = 0 for q ≠ 0, n. For the remaining
nonzero rows q = n and q = 0, we have

E1
−p ,n = Cp(Xn , X(n)b)/ im(d0) = Cp(Xn , X(n)ab)

E1
−p ,0 = ker(d0 ∶ Cp(∗) → Cp(X , {b})) =

⎧⎪⎪⎨⎪⎪⎩

Z p = 0, a = b
0 otherwise

.

On the E1-page, the differential is now induced by singular boundary map. Therefore, after taking
homology we obtain

E2
−p ,n = Hp(Xn , X(n)ab).

And on the other possibly nonzero row q = 0, we have

E2
−p ,0 =

⎧⎪⎪⎨⎪⎪⎩

Hp(Z← 0← ⋯) a = b
0 a ≠ b

as desired.
At this point, the only nonzero rows are q = n and possibly q = 0. The differentials on the pages E≥2

are all zero, except possibly on page En+1, wherewe have a differential dn+1 of bidegree (n+1,−n) from
En+1−n−1,n = Hn+1(Xn , X(n)ab) to En+10,0 = Z. To see that dn+1 = 0, consider the map of pairs f ∶ (X , x) →
(∗, ∗). Repeating the constructions, we get a spectral sequence D that computes Hn(∗n , ∗(n)∗∗) = 0.
By functoriality, f induces a morphism of spectral sequences. Specializing to the n + 1th page, we
have a commutative square

Hn+1(Xn , X(n)xx) En+1−n−1,n En+10,0 Z

Hn+1(∗, ∗) = 0 Dn+1
−n−1,n Dn+1

0,0 Z

dEn+1

f∗ f∗

dDn+1

But now f∗ ∶ Z→ Z is the identity since it is the inducedmapH0(X , x) → H0(∗, ∗), forcing dEn+1 = 0,
so E2 = E∞ as desired. □

Corollary 6.2. We have a surjection

H0(Tot(N ≤n))↠ Hn(Xn , X(n)ab)

whose kernel is Z if a = b, and trivial otherwise.

Proof. Follows from convergence of the spectral sequence in Proposition 6.1. □
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6.2. Four bicomplexes. It remains to compute H0 of this totalization. For this we will return to our
original bicomplex C and show that its truncated totalization is quasi-isomorphic to the totalization
of the two-sided cobar bicomplex. Instead of normalizing the columns, let us now consider the rows
C●,q , which are the singular chain complexes C●(Xq). Then we can apply the topological Alexander–
Whitney map on each row:

C−●,q = C●(Xq) → C●(X)⊗ q

to obtain a new bicomplex, which we will call D . By definition of tensor product of chain complexes,
D has a bigrading given by

D−p ,q = (C●(X)⊗ q)p = ⊕
n1+⋯+nq=p

Cn1(X)⊗⋯⊗Cnq(X).

Let C ≤n and D≤n be the bicomplexes obtained from C and D by quotienting all rows above q = n.

Lemma 6.3. ThemapC ≤n → D≤n induced by Alexander–Whitney is a quasi-isomorphism of totaliza-
tions, with inverse quasi-isomorphism induced by the Eilenberg–Zilber map.

Proof. Combine Corollary 3.18, Theorem 3.19, and Lemma 4.10. □

Lemma 6.4. There is an isomorphism

H● Cobar≤n(N●(b),N●(X),N●(a)) ≅ H●D≤n .

Proof. Denote the left-hand side by Cobar. By Lemma 4.10, it suffices to exhibit a such a map from
Cobar to ND≤n , the truncation of the bicomplex obtained by replacing each column of C with its
normalized chains, then applying the Alexander–Whitney map, as in the diagram below:

C●(Xq) C●(X)⊗ q = D
q
●

N●(Xq) N●(X)⊗ q =∶ ND
q
●

AW q

AW q

Notice that N●(a) and N●(b) are just the chain complexes with a Z term concentrated in degree zero,
i.e. the identity object in the symmetric monoidal structure on Ch+(Ab). Hence we have natural
isomorphisms

ψa ∶ N●(a)⊗N●(X) → N●(X)
ψb ∶ N●(X)⊗N●(b) → N●(X)

which combine to give a natural isomorphism ϕ ∶= ψa ⊗ id⊗●⊗ψb :
ϕ ∶ Cobar−p ,q = ⊕

n+b1+⋯+bq+m=p
Nn({a})⊗Nb1(X)⊗⋯⊗Nbq(X)⊗Nm({b})

→ ⊕
b1+⋯+bq=p

Nb1(X)⊗⋯⊗Nbq(X) = ND−p ,q .

on the bigraded pieces. We now check that the differentials on Cobar and ND are compatible with
ϕ. Because all differentials of N●(a) and N●(b) are zero, the horizontal cobar differential formula 4.2
yields

ϕ(dCobarH (m⊗ c1 ⊗⋯⊗ cq ⊗ n)) = ϕ(
q

∑
i=1
(−1)σ(c i)m⊗ c1 ⊗⋯⊗ ∂N(c i)⊗⋯⊗ cq ⊗ n)

=
q

∑
i=1
(−1)σ(c i)ψa(m⊗ c1)⊗⋯⊗ ∂N(c i)⊗⋯⊗ψb(cq ⊗ n)

= dND(ϕ(m⊗ c1 ⊗⋯⊗ cq ⊗ n)).
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The vertical differential in both cases is given by the alternating sum of coface maps d i . We will show
that ϕ ○ d iCobar = d iND ○ ϕ for all i. For i = 0, the map d iND ∶ ND

q
● → ND

q+1
● is induced by the

following inclusion under the topological Alexander–Whitney map:

(x1 , ..., xq) → (a, x1 , ..., xq).
Naturality of the Alexander–Whitney map implies that the following diagram commutes:

N●(Xq) N●({a} × Xq) N●(Xq+1)

N●(X)⊗ q N●({a})⊗N●(X)⊗ q N●(X)⊗ q+1

≅

N●(d0)

AW q

N●(ιa×idXq )

AW{a},Xq AW q+1

≅

d0
D

N●(ιa)⊗ id⊗ q

where ιa is the inclusion {a} ↪ X. But now we make the identifications

N●({a})⊗N●(X)⊗ q ≅ N●(X)⊗ q , and N●(ιa) = 1a
to conclude

(1a ⊗ id⊗ q) ○ AW q = AW q+1 ○ N●(d0)
which implies d0ND = 1a ⊗ id

⊗ q . Then again by naturality of the Alexander–Whitney map, we com-
pute

ϕ(d0Cobar(m⊗ c1 ⊗⋯⊗ cq ⊗ n)) = ϕ(∆R(m)⊗ c1 ⊗⋯⊗ cq ⊗ n)
= ϕ(((id⊗ ιa) ○ AW(m))⊗ c1 ⊗⋯⊗ cq ⊗ n)
= ϕ(m⊗ 1a ⊗ c1 ⊗⋯⊗ cq ⊗ n)
= ψa(m⊗ 1a)⊗ c1 ⊗⋯⊗ψb(cq ⊗ n)
= 1a ⊗ψa(m⊗ c1)⊗⋯⊗ψb(cq ⊗ n)
= (1a ⊗ id⊗ q)(ψa(m⊗ c1)⊗⋯⊗ψb(cq ⊗ n))
= d0ND(ϕ(m⊗ c1 ⊗⋯⊗ cq ⊗ n))

The proofs for d 1 , ..., dq are analogous. Hence the restriction of ϕ to the truncated bicomplexes yields
a quasi-isomorphism TotCobar≤n → TotND≤n . We now have a zigzag of quasi-isomorphisms

TotCobar≤n → TotND≤n ↞ TotD≤n

from which the lemma follows. □

Remark 6.5. We have not really used Adams’ theorem. But what we have proven should suggest that
the theorem is sort of true for the following reason. We have exhibited a quasi-isomorphism between
the totalizations of the truncations of the two-sided cobar construction on C●(X) and the totaliza-
tion of the truncated C , which is itself the bicomplex constructed by taking singular chains on the
cosimplicial path space. So if we can somehow commute “chains on a totalization” and “totalization
of chains,” and take the limit of these truncations, we would have a version of Adams’ theorem.

We now have all the requisite maps for the proof of the main theorem. Before we proceed, just
a quick recapitulation of all the steps involved. At the core of the argument is the cosimplicial path
space P●a ,bX. Taking singular chains on each cosimplex, we obtain a bicomplex, which is the same (up
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to truncating) to the bicomplex underlying the two-sided cobar construction on (b, X , a). In §5 we
see that filtering this bicomplex in one direction gives rise to the fundamental group ring, and here
we see that in the other direction we find the homology groups Hn(Xn , X(n)ab).
Proof of Theorem 1.1. By Lemma 6.4, Lemma 6.3, and the discussion in the first subsection, we have
series of isomorphisms

H●(Cobar≤n)
6.4Ð→ H●(D≤n)

6.3Ð→ H●(C ≤n) Ð→ H●(N ≤n).
and consequently an isomorphism in degree zero
(6.2) H0(Cobar≤n) → H0(N ≤n).
Now Corollary 5.8 yields an isomorphism
(6.3) ZπX(a, b)/ZπX(a, b)In+1 → H0(Cobar≤n).
Combining Equations 6.2, 6.3 and applying Corollary 6.2, we obtain a surjection

ZπX(a, b)/ZπX(a, b)In+1
≅Ð→ H0(Cobar≤n)

≅Ð→ H0(N ≤n)↠ Hn(Xn , X(n)ab)
whose kernel is isomorphic to Z if a = b and trivial otherwise, completing our journey. □

6.3. Looking forward. Let us conclude with a few words about why the authors from the introduc-
tion might have been interested in Theorem 1.1. This discussion will be very imprecise. Let X be a
connected complex algebraic variety, i.e. something that locally looks like the zero-locus of a collec-
tion of homogenous polynomials in complex projective space. Then the rational cohomology of X
has more structure than just that of aQ-vector space; they also gain so-calledmixed Hodge structures,
as proven by Deligne. Using our theorem (or rather its rational dual), one can transfer these struc-
tures onto the groups ZπX(a, b)/ZπX(a, b)In ⊗Q. For example, fixing x ∈ X, path concatenation
induces a bilinear map

I/In+1 × I/In+1 → I2/In+2 .
By Theorem 1.1, this corresponds to a bilinear map

Hn(Xn , X(n)xx) ×Hn(Xn , X(n)xx) → Hn+1(Xn+1 , X(n + 1)xx).
To see how this correspondence is geometrically implemented, we refer the reader to [Loo25], in
which Looijenga gives a formula for the map ZπX(a, b) → Hn(Xn , X(n)ab). As the theorem appears
in [DG05], it is a stepping stone toward the theory ofmotives, which is far beyond the scope of both
this thesis and our understanding, signaling that it is time to stop.
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